Abstract. We analyze the relation between isoscalar toroidal modes and so-called pygmy dipole resonance (PDR) which both appear in the same region of low-energy dipole excitations. To this end, we use a theoretical description within the fully self-consistent Skyrme quasiparticle random-phase approximation (QRPA). Test cases are spherical nuclei 40,48 Ca, 58,72 Ni, 90,100 Zr, and 100,120,132 Sn which cover four different elements and for each element at least two isotopes with different neutron excess, one small and another large. The structure of the modes is investigated in terms of strength functions, transition densities (TD) and transition currents (TC). For all considered nuclei, we see that, independently on whether PDR strength exists or not, the flow pattern in the lower part of the "PDR energy region" is basically the isoscalar vortical toroidal motion with a minor irrotational fraction. A one-to-one correspondence between calculated TD and TC can be established. The toroidal flow appears already in the uncoupled two-quasiparticle (2qp) excitations and becomes definitively strong for the QRPA modes. Altogether, we find that low-lying dipole strength often denoted as isoscalar PDR is actually an oversimplified imitation of the basically toroidal motion in nuclei with a sufficient neutron excess.
Introduction
The dipole toroidal mode in nuclei represents a remarkable example of confined vortical flow [1, 2, 3, 11, 12] . This mode forms a vortical ring, called a Hills vortex in hydrodynamics [13] . In 1983, S.F. Semenko has predicted the existence of a toroidal dipole resonance (TDR) in nuclei located at an energy E ≈ (50 − 70)A −1/3 MeV [2] . During subsequent decades, TDR was subject of intense theoretical studies both in macroscopic and self-consistent microscopic models, see e.g. [4, 5, 6, 7, 8, 9, 10] and more references in the reviews [11, 12] . There are numerous experimental data from isoscalar (α, α) scattering [14, 15, 16, 17, 18, 19, 20] and nuclear fluorescence [21] which claim that TDR forms the low-energy part of the isoscalar giant dipole resonance (IS GDR) while the high-energy part of IS GDR is ascribed to the irrotational compression dipole resonance (CDR), for reviews see [11, 22] . Schematic vortical TDR and irrotational CDR velocity fields are shown in Fig. 1 . However, despite impressive theoretical and experimental efforts, some important features of the TDR are still under debate and its unambiguous experimental observation has yet to come, see e.g. the discussion in [23] .
During last decade, our collaboration studied continuously various features of the vortical dipole toroidal mode [12, 23, 25, 26, 27, 28, 29, 30, 31, 32] using the fully self-consistent Quasiparticle Random Phase Approximation (QRPA) approach with Skyrme forces [23, 24] . The key observables of the TDR, namely strength functions, transition densities (TD), and transition current (TC), were analyzed in spherical as well as deformed nuclei [12, 23, 25, 29, 30] . TDR and CDR were analyzed with respect to the familiar criteria of nuclear vorticity [28] . Further, we proposed a new route in exploration of the vortical toroidal mode in nuclei [31, 32] . It was shown that there should exist lowlying individual toroidal dipole states well separated from neighboring excitations in light axially-deformed nuclei. These states can be easier observed and identified than in the multitude of low-energy modes in heavier nuclei. The similar results for light nuclei were obtained within the approaches taking into account cluster degrees of freedom [33, 34, 35, 36, 37] .
The present study will concentrate in one of the most interesting and significant aspects concerning the toroidal mode: the relation between TDR and low-lying dipole excitations often called pygmy dipole resonance (PDR). It is known that PDR is split into the low-lying isoscalar (IS) fraction dominated by neutron-skin oscillations and a higher isovector (IV) part [38] . The TDR also has IS and IV components [25] . As shown in our previous works [12, 26, 27] , the IS PDR can be viewed as a local manifestation of the IS toroidal mode on the nuclear surface showing up in nuclei with sufficient neutron excess (N > Z). Indeed, IS TDR and PDR lie at the same energy region and our calculated current distributions for dipole states in the IS PDR region show a clear toroidal pattern [12, 26, 27] schematically illustrated in plot b) of Fig. 1 . Besides, the analysis of strength functions and TD indicates that dipole states in the IS PDR region also have a minor compressional fraction [25, 26, 39] . While the TC is dominated by the vortical toroidal flow, the TD is perhaps mainly determined by the irrotational compressional fraction. For the latter, see also results of the correlation analysis [39] .
Our previous analysis of the relation between IS TDR and PDR was performed only for a few selected nuclei: 120 Sn [12] , 208 Pb [26, 27] , and 154 Sm [23] . Here we aim at a more systematic survey and extend our exploration to a wider set of nuclei, namely to Ca, Ni, Zr and Sn isotopes (40 < A < 132). For each element, isotopes with and without neutron excess will be compared. Our goal is to show that low-energy dipole spectra in all considered nuclei, independently of their neutron excess, represent predominantly the toroidal current distribution with some irrotational fractions and that, in nuclei with N > Z, this flow becomes visible as PDR peaks. We will demonstrate that the neutron flow at the nuclear boundary can be roughly imitated by a PDR-like irrotational pattern, see panel (a) in Fig. 1 .
The paper is organized as follows: In Section 2, the theoretical and calculation background is sketched. In Sec. 3, the results of the calculations are presented and discussed. Conclusions are given in Sec. 4. Appendix A includes definitions of the density and current operators with the relevant effective charges. A list of acronyms is provided in Appendix B.
Theoretical and calculation background
The calculations are performed within the matrix QRPA [40] based on the Skyrme energy functional [41, 42] E(ρ, τ, J, j, s, T ,ρ) = E kin + E Sk + E Coul + E pair (1) including kinetic, Skyrme, Coulomb and pairing parts. The Skyrme part E Sk depends on the following local densities and currents: density ρ(r), kinetic-energy density τ (r), spin-orbit density J(r), current j(r), spin density s(r), and spin kinetic-energy density T (r). The Coulomb part includes direct and exchange term, the latter is treated in Slater approximation. The pairing functional is derived from a zero-range contact interaction [43] . Here we use mainly volume pairing (without density dependence) treated at the BCS level [23] .
The mean-field Hamiltonian and the QRPA residual interaction are determined through the first and second functional derivatives of the total energy (1), see e.g. [44] . The approach is fully self-consistent since: i) both the mean field and residual interaction are obtained from the same Skyrme functional, ii) time-even and time-odd densities are involved, iii) the residual interaction includes all the terms of the initial Skyrme functional as well as the Coulomb direct and exchange terms, iv) both ph-and ppchannels in the residual interaction are taken into account. Details of our mean field and QRPA schemes can be found in [23] .
Most calculations are performed with the Skyrme force SLy6 [45] . Earlier, this force was successfully used for the systematic exploration of IV-GDR in rare-earth, actinide and superheavy nuclei [46] . Since our study is mainly applied to dipole excitations, we continue to use SLy6. To check the dependence of our results on Skyrme parametrizations, we counter check one case with the forces SV-bas [47] and SkM* [48] . SLy6 and SkM* calculations are performed with the simple volume pairing. SV-bas is defined with the surface pairing and so that is used in this particular case.
We employ a large two-quasiparticle (2qp) basis ranging e.g. up to 120 MeV in 120 Sn. With this basis, the Thomas-Reiche-Kuhn sum rule [40, 49] and isoscalar energyweighted sum rule [22] are exhausted by 99 -103 %.
The relevant characteristics for our analysis are strength functions, transition densities (TD), and current transition densities (TC). The strength function for E1 transitions between RPA ground state |0 and excited state |ν reads
where E is the excitation energy,M X 1µ (∆T ) is the transition operator, µ is its azimuthal angular momentum, X = {el, com, tor} marks the type of the excitation (isovector E1(∆T = 1), compressional isoscalar E1(∆T = 0), toroidal isoscalar E1(∆T = 0)), E ν is the energy of the RPA state. We have the energy factor (m X =1) for X = el and no factor (m X =0) for X = com, tor. The strength function is weighted by a Lorentz function
with energy-dependent folding [29] ∆(E)
The Lorentzian folding with ξ ∆ (E − E ν ) is used to simulate escape width and coupling to the complex configurations (spreading width). Since these two effects grow with increasing excitation energy, we employ an energy dependent folding width ∆(E) with the parameters ∆ 0 =0. 3 MeV, E 0 = min{S n , S p } MeV (with S n and S p being neutron and proton separation energies) and a =0.1667 [23] . The IV dipole operator (X = el) readŝ
where Y 1µ (Ω i ) is the spherical harmonic and e q eff are effective charges equal to N/A for protons (q=p) and −Z/A for neutrons (q=n). The operator for IS (∆T = 0) compressional dipole is [22, 25] 
The toroidal IS dipole operator reads [25] M tor 1µ (∆T = 0) = −i
where Y 10µ (Ω i ) and Y 12µ (Ω i ) are vector spherical harmonics,ĵ nuc (r i ) =ĵ c (r i )+ĵ m (r i ) is the operator of nuclear current including convective and magnetization parts [25] , see the explicit expression in the Appendix A. The terms with the ground state square radius r 2 0 take care of the center-of-mass-corrections [22, 25] .
TD and TC for the excited state ν of multipolarity 1µ read
(Ω) (9) whereρ(r) is the density operator andĵ c (r) = m/(eh)ĵ c (r) is the scaled operator of the convection nuclear current, see definitions in the Appendix A. For simplicity, we use in TC plots only the convection current. The TD and irrotational TC are related by the continuity equation
where
and
. (12) In this study, we deal with radial TD δρ ν (r), radial current divergences [div δj] ν (r) and angular-dependent TC (9) for µ = 0. To suppress individual details of the states and highlight their general features, these variables are averaged over a group of states in the energy interval [E 1 , E 2 ] following the prescription [28] . The averaging is done by summing them weighted by the dipole matrix elements D ν = ν|M com 10 (∆T = 0)|0 . This amounts to
where δρ ν (r), δj ν0 (r) and [div δj] ν (r) are given by Eqs. (8), (9) and (12) for the sets of the effective charges corresponding to the proton, neutron, IS and IV transitions The sets marked by the index β = p, n, 0, and 1 are listed in the Appendix A. The D * ν factors associate the proper weight to the contributions and render the expressions bilinear in |ν which, in turn, removes nonphysical dependence on the phase of |ν , see [26] for more detail. In the present study, the averaged TD and TC are calculated for both QRPA and 2qp states at the given energy interval.
In TD and TC from (8)- (9), the spurious admixtures arising due to the motion of the nuclear center-of-mass are eliminated following the prescription [50] . The unperturbed 2qp cases are corrected separately for protons and neutrons.
Results and discussion
As a first example from our large selection of nuclei, we look at the case of 120 Sn computed with SLy6. This case is shown in Fig. 2 . Its left part collects the strength functions for IV GDR, IS TDR and IS CDR (panels a-c). In the right upper panels d-e, we show the averaged proton and neutron radial TD δρ(r) from (13a). In the lower panels f-m, we demonstrate the averaged TC flow pattern (13b). Both TD and TC are averaged over the PDR region 7-11 MeV. For each observable, the results from QRPA and unperturbed 2qp states are compared.
We see from panels a-c that the PDR energy region coincides with location of the low-energy parts of the toroidal and compressional strengths. This indicates that the nature of dipole states in this region is complicated. They should have both dominant vortical (TDR) and minor irrotational (probed by the compression dipole external field) fractions. We see that QRPA residual interaction downshifts the lowest toroidal and compressional peaks and considerably enhances their strength (and thus collectivity). At the same time, following our analysis, these dipole states still maintain rather large 2qp components.
The strong effect of the residual interaction is also seen in panels d-e for the radial TD: the neutron TD dominates at the nuclear surface for QRPA (which is usually considered as justification of the pygmy-like collective flow) but not for 2qp case.
Complementing and more detailed information on the nuclear flow is provided by the angular-dependent TC shown in panels f-m. In the 2qp case, neutron and ∆T =0 pattern show weak signs of toroidal flow which then becomes very pronounced in QRPA. The dominant collective flow in the interval 7-11 MeV is obviously IS toroidal (see for comparison Fig. 1b) . The main contribution comes from neutrons in accordance with the dominance of neutron TD at the nuclear surface. We may state that the schematic picture of PDR as neutron oscillations against an N = Z core is actually a crude map of the true mechanism behind, toroidal flow of neutrons at the nuclear boundary.
To gain deeper insight into the rekation between TDR and PDR, we present in Figs. 3-4 the calculated TD and TC in more detail. The main question is: can one explain the behavior of the neutron TD, in particular its maximum at the nuclear surface, by the neutron current which is basically toroidal?
In the upper panels of Fig. 3 , we show the neutron and proton TD with and without r 2 -weight, which allows to discriminate the TD behavior at the nuclear surface and deep inside. We see that the neutron TD without r 2 -weight (panel a) exhibits three humps: positive at 0.5 -2 fm, negative at 4 -6 fm, and positive at 6 -8 fm.
In neutron TD with r 2 -weight (panel b), the first hump is much suppressed and the third hump at the surface is enhanced. Obviously, these tree TD humps should be related to some essential structures in TC.
We know that TD and TC are linked by the continuity equation (CE) (10). The nuclear current enters CE through its divergence. So only the irrotational fraction of TC contributes to CE while the dominant vortical toroidal current j tor ∼ ∇× ∇×(rM com 1µ (r)) [4, 6, 25] does not. The CE holds for each 2qp or QRPA ν-state. However it can be somewhat distorted for the averaged TD and TC (13) which are just the variables of our interest. To check this point, we exhibit in the lower panels of located in its area It is easy to see that, for both neutrons and protons, the divergence spots in Fig. 4 are in one-to-one correspondence with TD humps in Fig. 3 . For neutrons, e.g., the divergence spot at z ∼ 1 fm gives the positive TD hump at 0.5 < r < 1.5 fm, the arc-like spot at z ∼ 4 fm leads to the negative TD hump at r = 4 − 6 fm, and finally the arc-like spot at z ∼ 6 fm results in the TD positive hump at r = 6 − 8 fm. The impact of the third outer-lying spot is strongly enhanced by r 2 -weight, see Fig. 4d . Further, in accordance to TD, the proton and neutron divergences have a different sign at z ∼ 1 fm and are in phase at z ∼ 4.
Note that the first positive hump at 0.5 -1.5 fm is a particular feature of 120 Sn (see for comparison TD in Figs. 7-14 for other nuclei) . Instead, the next two humps, at 4-6 and 6-8 fm, persist in neutron TD for all considered nuclei.
The appearance of irrotational regions in predominantly toroidal flow can be explained by simple arguments. As mentioned above, the exact toroidal current (Hill's spherical vortex) j tor ∼ ∇ × ∇ × (rM com 1µ (r)) is a curl and so cannot produce the irrotational flow. However, as seen in Fig. 4 , the actual toroidal motion is somewhat squeezed in x-direction. Indeed the curl centers at |x| ∼ 3 − 4 fm are rather ovals than circles. This squeezing leads to rectification of the flow in some regions (especially in the central up-flux) and thus to the appearance of the irrotational motion. As shown below, this effect takes place for all considered nuclei.
Finally, the correspondence between neutron TD and TC demonstrated in Figs. 3-4 allows to conclude that, in nuclei with a neutron excess, the hump in neutron TD at the nuclear surface (commonly treated as the proof of the PDR-like collective scheme) can be naturally produced by the basically toroidal current with some irrotational fractions. The PDR scheme generally does not correspond to the actual TC and is only an oversimplified imitation of the true nuclear flow.
To check the sensitivity of our results to the choice of the Skyrme forces, we present in Figs. 4 and 5 the same variables as in Fig. 2 , but now for the forces SV-bas and SkM*. We see that almost all the conclusions drawn above for SLy6 come out the same way for SV-bas and SkM*. The only difference is thatthe neutron TC for SV-bas and SkM* shows clear toroidal flow already in case of mere 2qp states. This confirms our previous findings [27, 32] that the vortical toroidal flow is mainly of single-particle nature. The r 2 -weighted TD for SLy6, SV-bas and SkM* look somewhat different in the 2qp case but acquire the same persistent form in QRPA, characterized by a negative hump at 4 -6 fm and a positive hump at 6 -8 fm. As discussed above, this particular form is naturally explained by the toroidal distribution of the nuclear flow in TC.
Since the performance of SLy6, SV-bas and SkM* is similar, we will restrict ourselves in the following to results from SLy6 only. These results involve isotopic pairs 40, 48 one isotope without and one isotope with a large neutron excess. Fig. 6 shows results for 40 Ca. This light nucleus has N=Z and so, by definition, should not exhibit a PDR. Indeed, we see from panels (d-e) that here the proton TD exceeds the neutron one at the nuclear surface in both 2qp and QRPA cases with the consequence that the PDR is not visible. At the same time, the TD from QRPA has the same particular form as in 120 Sn. As mentioned above, this form is explained just by the toroidal flow. Panel (b) shows that, at the energy region embracing the left side of IV-GDR (where usually PDR is located), we have, indeed, rather large toroidal strength. The 2qp and QRPA TC in panels (f-m) also show toroidal flow. This flow is basically isoscalar with similar contributions of proton and neutrons (which is natural for N=Z nucleus). So the TDR does exist in 40 Ca while PDR strength is not visible at all. Fig. 7 shows the results for 48 Ca, a nucleus with significant neutron excess. The picture is basically the same as in 40 Ca. The only essential difference is the larger contribution of neutrons. This contribution enhances the toroidal strength at 7-11 MeV (panel b), renders the neutron TD dominant at the nuclear surface (panel d), and essentially enhances the IS toroidal current from QRPA as compared to the 2qp case. The latter is explained by a considerable enhancement of the residual interaction due to the neutron excess. It is obvious that results for the pairs 58,72 Ni, 90,100 Zr, and 100,132 Sn, shown in Figs. 8-13, confirm (up to detail) all findings and conclusions drawn above from 120 Sn and 40,48 Ca. So our systematics for four isotopic groups with 20< Z <50, analyzed with three Skyrme forces, leads to the unambiguous conclusions that:
-The TDR is a general feature of nuclear dipole excitations in the low-energy domain,
-the toroidal character of the flow is explicitly confirmed by the TC, -the toroidal flow is somewhat squeezed, which results in appearance of local irrotational regions; these regions contribute to the TD and produce an irrotational compressional response, -TD and toroidal TC have one-to-one correspondence, -in nuclei with a large neutron excess, the actual flow at the nuclear surface can be roughly imitated by the pygmy-like picture of an oscillating neutron surface.
The persistence of the TDR in various nuclei can be explained by simple arguments. As seen from the pan- els (a) of Figs. 2,4-13, we have a bunch of unperturbed 2qp dipole strength in each nucleus (dashed line). This dipole strength is produced by E1(∆N = 1) transitions between the neighbor shells, where N is the principle shell quantum number. The energy of the bunch is typically E sp ≈ 41A −1/3 [22] . This 2qp strength has both irrotational and vortical fractions. The IV dipole residual interaction (corresponding basically to Tassie mode rY 1µ ) is strongly repulsive and up-shifts the irrotational strength to form the large IV GDR but does not affect much the vortical dipole strength. A large part of the vortical strength remains at E sp and becomes even dominant there. This creates the conditions to form the TDR.
Most of the Figs. 2,4-13 show a significant enhancement of the toroidal flow by the QRPA residual interaction. This takes place in all considered nuclei, except perhaps for 40 Ca and 120 Sn (SV-bas). Thus we see, although the toroidal flow is basically of 2qp origin [25, 27, 32, 39, 51] , it is considerably enhanced by the residual interaction which renders the toroidal flow more collective.
Note that the profile of the calculated TD corresponds to toroidal flow rather than to PDR-like pattern. The main difference lies in the TD at the nuclear interior. Follow- ing the PDR picture, the nuclear core with N=Z should move as a whole piece against the cloud of the excess neutrons at the surface. This should give a negative TD of same scale in the whole nuclear interior. However, for all isotopes considered in our study, the calculated TD exhibits a different behavior showing large fluctuations in the interior exhibiting a sequence of positive and negative humps. As discussed above, such behavior is typical for dominantly 2qp states and stays in accordance with the toroidal distribution of the TC, but contradicts a collective PDR picture. cess and another with large neutron excess in order to probe the impact of excess neutrons predominantly gathering at the nuclear surface. Particular attention was paid to the relation between the isoscalar (IS) toroidal dipole resonances (TDR) and the low-energy dipole states, often denoted as the IS part of the pygmy dipole resonance (PDR). We investigate the structure of the modes in terms of dipole strength function, transition density (TD), and transition current (TC) visualized as flow pattern. As further analyzing tool, we compare the QRPA states with the uncoupled mere two-quasiparticle (2qp) states which are the BCS generalization of the one-particle-one-hole states in Hartree-Fock. In all the nuclei, independently of the neutron to proton ratio, we have found in the energy region 6-13 MeV a large IS toroidal strength coined as the toroidal dipole resonance (TDR). The persistence of the TDR is explained in terms of shell structure. The dominant pure 2qp dipole states come from transitions over one major shell and cover exactly the considered energy range 6-13 MeV. The strong isovector (IV) residual interaction in QRPA shifts the major fraction of IV dipole strength far up into the region of the giant dipole resonance (GDR) while the IS vortical states remain much less affected by QRPA and stay in their original energy range. The GDR is characterized by irrotational flow which is then largely taken away from the low energy region. Thus in the region there remains just dominantly vortical flow.
Further, in all considered nuclei, the flow pattern (from TC) at 6-13 MeV are obviously toroidal. The toroidal motion is somewhat squeezed, which creates, in addition to the dominant vortical flow, the local irrotational regions contributing to the TD. In the nuclei with neutron excess, the TD has a neutron hump at the nuclear surface, which is usually considered as the main justification of a collective picture for the PDR. What we find is that this hump and other features of TD can be explained by the toroidal TC.
Altogether, our systematic investigation leads to the unambiguos conclusion that IS PDR strength is actually an outflow of the underlying toroidal mode in nuclei with the neutron excess. The collective pygmy-like picture of an oscillating neutron surface is only a rough imitation of the actual nuclear flow.
Even after the energy averaging, the calculated TD exhibit large fluctuations deep into the inside of the nucleus, which is characteristic of single-particle structure. The toroidal flow is seen already in 2qp current distributions, i.e. has basically mean-field origin. The impact of the QRPA residual interaction is essential. It enforces the toroidal flow and introduces some collectivity.
Nuclei with a large neutron excess also show some peaks with considerable IV dipole strength, which is coined as IV part of PDR [38, 39] . In principle, these states can be related with the IV TDR [26] . Note that in the IV TDR the impact of the magnetization nuclear current can be significant [25] which essentially complicates analysis of this mode. Definitively, the interplay between TDR and PDR can be affected by the isospin mixing which is stronger in neutron rich nuclei. The coupling with complex configurations can also be important [10, 21, 38] , though this should not influence much the current distributions which remain to be basically toroidal [21] . Altogether, the relation between TDR and PDR in the IS and IV channels still has some open issues to be resolved in future studies. 
A Nuclear density and current operators
The density operator reads [25] ρ(r) = The operator of the full nuclear current consists of the convective and magnetic (spin) parts [25] [22] .
For TD and TC, we consider four options of the density and current operators (proton, neutron, isoscalar (∆T =0), isovector (∆T =1)), fixed in (13) by the index β = p, n, 0, and 1. In TC we use only the convection current. Finally four options are fully determined by the effective charges: 
B Acronyms
Below we list the acronyms used throughout this paper:
QRPA quasi-particle random-phase-approximation GDR giant dipole resonance TDR toroidal dipole resonance CDR compressional dipole resonance PDR pygmy dipole resonance (region) TD transition density TC transition current IS isoscalar (∆T = 0) IV isovector (∆T = 1) E1 electric dipole CE continuity equation
